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812 M. Whipple, Stability of the motion of a bicycle.

Write the first a, a,,_,, a8 unity, then tho oquations are
2.(4m=-28)a,,=1{38@m~1)d- D,
4.4 =) a, = {0 @m=1)'¢,~ B,

(2m —2) (2m + 1) a,= {3.8%, - B’} a,,
2m (2m—-1)a,={8.1%,~DB'}q

09

but a_, must be zero, therofore, multiplying the scries of

© equations togethor,
O=(3.1.¢,— B’)(8.8%¢,~ B')...[8 @m = 1)' ¢, = B'},
thereforo -
B'=3.1%¢, or 3.8%¢,.., or 3.(2m—1)'c,

For these values in turn we get 0, 1, 2, ..., or (m—1)
0 i AT .

a’s in U/, reckoning from a,, zero, 7.e. U= 0, as an equation
In pu —e, has then 0, 1, 2, ..., or m — 1 zcero roots, therefore
when ¢, =e¢,, and thercfore when ¢ # ¢, for each U jv/(pu—e,)
of this type, we have a different arrangement n point of
number of roots in the two places, between ¢, and e, and
between ¢, and e, '

Similar proofs will hold for U's of the other types.

THE STABILITY OF TIHIE MOTION OF A BICYCLE.
By F. J. W, Wurerwr, B.A., Scholar of Trinity College, Cambridge.

THE Dynamics of a Bicycle is a subject which has not
attracted much attention in this country, Oune branch
alone has been studied, which may be called t?x'u Iinergeties of
Velocipedes, Numerous experiments have- been made to
determing tho work expended by tho rider in overcoming
the resistance of the air and of gravity on machines ﬁltch
with every varicty of driving gear and tyre, I'ho motion of
the bicycle, as & machine on two whecls, has not received the
same considcration, No satisfactory explanation on mathe-
matical lines has been given of the practicability and case of
riding a bicycle, The instructions given to beginners in the
art contain the information that, if the front wheel bo turned

B
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towards the side on which the rider is falling, contrifugal
forco will restore him to the normal position,  An oxplanation
is roquired of the case with which the correet inclination is
givon to the handles, even when the rider’s attention is devoted
to othor objects. 'I'hero may bo a cortain amount of reflex
action which enablos the rider to balance himself without
conscious attention, but such an action probably only comes
into play after prolonged practice. To balanco o stick on
onc’s finger is an easy feat, but it would be a long while before
a novice could do it automatically.

2. M. Bourlet, in his treatiso on the DBicyclo,* attacks
most of the problems of the subject; his conditions are usually
8o artificial that the results have little interest. Thus (pp. 47—
58), in discussing the restoration of equilibrium, he supposes
that the rider turns the handles with a constant angular velocit
for a certain tine, and then holds them steady until the bac
frame is vertical. According to M. Bourlet’s equations, the
rider returns to the vertical position with a greater volocity
than that with which he left it, so that a rider who obeys the
given intructions will find the motion of his bicycle unstable.
M. Bourlet’s discussion of riding with hands off is based on
a complicated differential equation, which he does not publish
in his treatise. He decides that the efforts of the rider in
balancing are continuous, and that a sudden movement of the
body produces the opposite effect to a gradual movement.

8. The only other author I know of who has discussed
the subject is Mr. McGaw,} who finds the condition of steady
motion of the front whecl when the back-frame is vertical,
This investigation has some interest in connection with the
motion of a tricycle [see §§ 11, 23],

4, In the following pages I have discussed :—

The most general motion of a bicycle, §§5-9. :

Motion in which the inclination of the wheols to the vertical
is small, § 10. ,

The steady motion in 4 eirclo of large radius, § 11,

The oscillations about steady motion when the rider retaing
his fixed position on the machine and does not usc the handles,
§§ 12--16,

* 0. Bowrlet, Tyaitd des Bicyoles et Bicycleties Guuthior«Villars,
+ Engineer, December 9, 1848,
YOL, XXX, . 88
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384 Dr. Dickson, An Abelian group.

will contain 7} , and therefore 7} , where a is an arbltrary
mark in the G’F[2] Further, R N transforms 7} a into
By o ni4aqy Ty Hence, if n>1, 50 that the GF[2"] contams
a mark o neither zero nor unmity, the group I contains a
substitution R 2 \(14q) DOt the identity.. But MM, trans-

forms R into WV, With N I contains M, L,,

L2,1, 1,2,1° , 21
(7=1, 2), since it contained thelr ‘products two at a time.

'lnansfoxmmgL and N, ;, by 7} , we obtain L, ,and NJ
respectively. Hence 1 contams every L, and N‘J o
Finally I contains

ML ML ML =T .
e i t,aV T Ga La

The invariant subgroup I therefore coincides with H, which
is thus simple.

The simple group H has the order 2*" (2" —1) (2" - 1),
which for n=2 and 3 is respectively

2°.3.5%17 =979, 200, 2'.3.7°.5.13=1, 173, 836, 560.

ERRATA IN THE PAPER, pp. 1-16.

p. 6, L. 19, for Q2, 3, vs read Qz’ 3. ag
p. 14, 1. 1, omit —1 after v,".
p. 16, 1. 8 of Errata, for v, read ¥, .

University of California,
January 6, 1899.

END OF VOL. XXX.

Fig. 4.

Plate to Vol. XXX,N°120.
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14 M. Whipple, Stability of the motion of a bicycle.

Use of handles in a restricted ¢ elastic * manner which may
be automatic, § 17.

Movement of body in a similar automatic manner without
the use of hands, § 18,

Notes on the effect of rolling and spinning friction are
appended, §§ 20-22,
The general results are given in §19.

5. For analytical purposes the bicycle consists of two frames,
known as the front- and back-framcs, hinged together along
the ‘head’ Q@', in such a way that the only relative motion is
round @@’ (fig. 2). The wheels are circular, and cach is thought
of as touching the ground at one point, the back wheel in T,
the frontin 7”. The axle of the back wheel passes through O,
and is at right angles to the plane 0Q(Q. 0@ is perpen-
dicular to @@, and its length is denoted by p. The corre-
sponding length for the front wheel is denoted by p'. The
dashed notation is used throughout this paper for points or
lengths in the front-frame. The symbol is usually defined in
the case of the back-frame; the same symbol with a dash
indicates the corresponding quantity in the front-frame.

a=radius of back whecl,
7=¢ va
gisodd, te ¢'=-gq.

Fig. 3 indicates the angles between various directions.

V is the vertical,

BB, is the plane of the back wheel and frame, B, being
horizontal.

B, is the direction of the axis of the back wheel,

HHH, is a system at right angles, of which H, is the
direction of the head of machine.

H_ i3 horizontal,

HM.B, is o system at right angles,

6=HV= angle head makes with vertical,

o= V'HIBI = angle between the plane of the back wheel and
the vertical plane through the head.

n=BH, y=7B,
w-§=HVB, jr-x=VIM,
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Of theso angles only two are independent: taking 0 and ¢
a8 these two, we have

siny=sindsing, tanf =cosl tang,

tann=tan{cos¢p, siny =sinl cos¢.

Let tho spin of H, about V be (- 7).
The sEins of the system of axes JI, M, 3, may be denoted by
6,6,6,, where

6,=—rcosf—¢

6,=-7siny+ Osing |-

0,=—Tsiny - G cos¢

The first relation betweon the coordinates is the geome-

trical condition, that both wheels touch t.he same horizontal
plane. Project TOQQ 01" 1 on the vertical.

psing—p'sing +a—a'=qcosf .. Il

The kinematical conditions indicate that the motion of the
head Q@' is the same, whether determined by that of the back
or that of the front wheel.

Using axes 21, M, B, the spins of the back wheel are 6,6,2
and the vector 7'0 is (a cosy, asinn, 0). The conditions for
rolling shew that the velocity of O is

{- Qasing, Qacosy, « (0, sing—8,cosn)}.

The velocity of @ relative to O is (- 6,p, o, 6,p), there-
fore the velocity of @ in space is;, when referred to axes
I‘{llu:B.v

{-Qasinn-6,p, Qacosy, 6,(p+asinyg)—6,acosy}.
Chango to axes H H I, and write down the condition that

| St et 14

the difference of the velocities of @ and @' is duc to the

rotation of the vector (g, 0, 0) with spins (=7 cos 8, — 7sin 6, — 6)
about these axes.

[—Qasing - 6,p]- [~ Q'd'sing’ - 6,p']=0 \
[Qacosncosg + {6, (p + asing) - 6, acosy) sing
~[Q'a’cosn’cos’+{0,'(p'+a'siny’) -6,'a’ cosn’} sin ']
: =~0q |..1L
[~ Qacosnsing + {6, (p+ asing) = 6,a cosn) cos ¢ ]
~[Q'a'cosy’sing’+ {6, (p'+a'sing')—0,a’ cosy’} cos ']
=73infg
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" Dynamics.
6. Consider tho back wheel only and use axes 17 M?B .
Let the reaction of the ground be merely the force 211,

In making this assumption the couples due to rolling and

spinning friction are neglected. These will be considered
later. The rcaction of the back-frame on the back wheel
consists of a forco (- Q,, —Q,, —@Q,) through O, and a couple
(=L, =L, o) Ilerc we assume that no driving couple is
applied to the wheel.

. Let m be the mass of the wheel, B, B, B, its moments of
mertia. The velocity of O is

— Qasiny, Qacosn, a(f,siny— 6, cosy).

Resolving the forces on the back wheel, and applying
d’Alembert’s principle, we find

F, - @ —mgcosf=
d . . ]
m .[— [ft(ﬂa sin) — 0, (Qa cosn) + 0,a (6, siny -6, cosn)
.

F - Q,—mgsiny=
m.[‘%(ﬂa cos7n) — 0,a (6, sing— 6, cosn) — 6,Qa sin':yT HL

F,- @, —mgsiny = |
m[ d (6, sinn— 0, cosn) + (6, siny + 6, cosn)aQ

dt

The moments of momentum of the wheel about O are

Do, B, BQ. Take mcments about O
— L, —Fasinyg = B6,— (B~ B,Q) 6,
- L, + Fa cosn = Bé, + (B6, - B,a)6, t+1V:
- a(F, cosn ~ Fasing) = BQ

7. Now consider the motion of the frame. Using the
same axes assume as constants of the rigid body formed by
frame and rider ;—DMass 2/, Moments and products of incrtia
about g, 4,4,4,4, 4,4, Coordinates relative to O of g the
centre of mass, ¢,,c,, Let the reaction of the front-frame on
the back-frame consist of a force P,P,F, and a couple C,C,C,
The reaction of the back wheel on’ the frame is the' force
F\F,F, and tho couple L, Lo,

~<~5_.
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The velocity of ¢ is
(~Qasing~ by, +6,c), (Qacosn—0bc,+ 0c),
(asing+¢,) 0, — (a cosn+c) b,

The equations obtained by resolving parallel to the axes
H M.D, are

Q+ P, —Mygcosb=M [‘% (- Qasing - b, + b,c,) W
— 6,(Qa cosn—6,c,+0,c,) +0,{(asing +¢,)0,~(a cosn+c|)0,}]
Q,+DP,- Mgsiny=2M [{% (Qa cosnp— ¢, + b,c) , V.
- 0 {(asinn+c,) 0,;(a cosn+c,) 0,}+0,(—Qa sing - Hac,+€,ca):|

Q,+ P,— Mysiny=M l:gt {(a sinng +c,) 0, (a cosp+c,)0,}

+ (6, sinn + 6, cosn)Qa — {(6," + 6,")¢, — 0,(c,6, +c.9.)}]

The equations found by taking moments about g are
L +C+(Q,+P)e,—(Q,+P)e,+ Pp \
=D ag - a,0,-4,8)
L+ a,+(Q,+P,)0,"(Ql+;,)03 VI
=D l4,0,- 4,0~ 4,8]

C,+(Q,+ P)e,~(Q,+ P)o,—P,p
= D140, 4,0, 4,01

where the operator %, acting on the x component of a vector

zyz, gives &~ 0,y + 0,2

8. I'rom the twelve equations, 111, to VI, FL LK, Q,9Q,0,
L,L, must be eliminated, The four resulting equations will
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give the wrench, which must bo exerted by the front-frame
on the back-frame to produce the motion.

The first of these equations is that which would be obtained
by taking moments about an axis in the direction II through T,

Tho values of the moments of inertia about axes 1M DB,
through T aro

I, =4, +B + md’sin’y + M.[(a siny + ¢)) +¢],

[y =4, + B +ma'cos’n + M. [(acosn +ec,) +¢),

Iy, =4, + B+ ma" +M.[(asiny +¢,)' +(« cosn + ¢,)"],
w =4, +Zl[.cn(a cosn +c,),

r,=4, +M.c (asing + ¢,),

Iy, =4, +ma’sing cosn+ M(a cosn + ¢,)(a sing + c,)e

Mass of back frame and wheel = M+ m = W; and if @,
the C.@. of frame and wheel have coordinates 3, v, 8 when
the axes are H,M,B, through T, :

W8 =a (M +m) cosq+ o M,
Wy = a (M+ m) sinn + ¢, M,
Wé = c, M.

N.B.—T, B, , ete. are all variables,

The equation is obtained by multiplying VI, (1) by 1,
IV, (1) by 1, 1IL (3) by asing, V. (2) by —¢, VI (3) by
(¢, + a sinn), and adding
’0|+(p+asin17)P.-[7sin¢—85inx]gW ).

D .

=D [F.0,~T,,6,- [\y8,] = i [a cosy (7.6,~ B6,) W]

+@Q-0,)[B,0,+(6,sinn+6, cosn) ay W+ 6, sinnad W]

+ 3 1(@=8) (= Wacosn)]

> VIL,

The second equation could be obtained by taking moments
about an axis in the direction M, through T,

It is found by multiplying VI. (2) and IV, (2) by 1, IIL. (3)
by —acos, V.(3) by — (cosn+c), V. (1) by ¢, and adding

-
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C, - acosnP,+ g (B siny— 8cosd) TV
_D
Y

+(Q2-6,)[-B,0,~ (6,8in9+0, cosn) aB V-6, cosnadTV]

[F»()v— I‘m()n— I‘!I()I]— ﬁ[(l sin n (’Ylﬁn_ ﬂ(?’?) ]V]
v,

d,
~8 21

The third equation could be obtained by taking moments
about an axis in the direction B,, through O, of the forcive on
the frame, : )

The following expressions, for the moments of incrtia of
the frame about 0, are required

El = Al + jl/[(c: + cza)’ Ess = Aaa + ]Mcaca'l
etc. cte.

To obtain the cquation multiply VL. (3) by 1, V.(1) by
(=¢,), V.(2) by ¢,, and add

Q- 6,) Wa siny]

C,—pP+ My(c, cosd - ¢, sin X)=_z% (£0,- E,6~FE6,]
+ Ma [EL {2 (c, sinn +c¢,.cosn)}+ 6,2 (c, cosn—c, sin 1))]

Finally, multiply IV, (3) byi, HL(2) and V. (2) by cosn,
IIL. (1) and V. (1) by — sinp, and add
P, cosn - P,siny =1—j—" Q
o+ WalQ— (8- 6)) cospysinn+ 6,0, cos27)
+ [‘% [~ (6, cosn + 6, sinw) o, + 6, (6, cos + ¢, sin )|
— (0, cosn +0,siny) (= b,¢,+ b,c,

+ (6, + ) {6, (e, cosn — ¢, sinn) + (6, cosn -6, siny) ca}:]

9. The action of tho front-frame on the back-frame, and
the reaction of the back-frame on the front-frame, togethor
form a system of forces in equilibrium,
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Resolving in the directions 71, If,, II,, wo find

'Pl == Pl' .
(B, cosp+ Pysing) == (I, cong'+ B sing) =B,} | x1.
(Pycos¢ — P, sing) =~ (P, cosg’ — P, sing’) =R,

Take moments about straight lines in the directions
HI’ III) IIH

C,+0'=0
(C,co8¢ + O sing)+ (C, cos¢’ + C, sing’) —gR, =0} .. XIL
(G, cos¢p = C;sing) + (C) cos¢’ — C, sing’) + ¢gR,=0
10. All the equations required to determine the motion
in any circumstances have now been obtained. In the
general case the elimination of the quantities P, P, P,;
&, B, R ; C, C, would be very cumbersome, and could not
lead to an intelligible result.
Accordingly, the particular case in which ¢ and ¢’ are
small will alone be considered.
In this case ¢”: 1 is neglected, and '
Y =¢sinf v01='—-rc056—¢;
n=x=0 }, 0,=—Tsind
E=¢cosl \=—7¢sin0 -6
The geometrical-condition 1. reduces to

(p—p)sin0+ (a—a') =g cosl....covuu... L,

This equation shews that, when ¢: 1 and ¢"*: 1 are neglected,

0 is independent of ¢, ¢’ and is constant, Hence =0 to this
order of approximation. IL (3) reducesto

[-'Qa cosb.p + Q'a’ cos 0.¢]
~[(p + asin0) (r cos0 + ¢) — rasin 0 cos )
+ [(p' + @' 8in0) (7 cos 0 + q'B') - 70/ 8in 0 208 0] = 7¢ 5in 0,

'This equation shews that 7 is of the same order as ¢ and ¢’
IIL (1) and (2) now reduce to Ra=90'a’ =V,

Write (p+asinb) < p, ;
(p=p')cosh + gsinf=0=(u—p')/cos, by I, “

—y

.! -’
» L4
<’

. Ed
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I1. (3) takes the simple form

pup— ' + Veosl (p— ¢') == 10 svuree e XIIL

b= TT' is the wheel-base of the bicycle. .

p= TR is the perpendicular from 7' on the head, and if P
be the point in which the head cuts the ground, .

plcosO=TP. 1 propose the name back-trail for this
length, p'[cos0 = T"P being the front-trail.

When ¢7:1 is neglected, I, &c., B, v, arc constants, and
to this order of approximation the dynamical cquations are

O+ pP=Wy.(yp~ 8)sin0— T, (p+7cos )+ T, sin 0

~ V[mrrsind + Wy (r+ ¢ cos6)] — VW8 cos0...VIL,
where mr is written instead of B, /a.
C,— acosOP,=— Wq.(B¢ sinf — 8 cos §)

—T,rsinf+ T, (v cosf + ¢)
4V [mr (¢ + rcosf) + WB (r+ ¢ cos)] - VW8sin0V...IIL
C,— pP = — Wy.(ycosf — Bsin6) '

+ E, (1036 + ¢) +E,, (v sin ) + MV (c,sin6 + ¢, cos0) ..IX.
P,cos6— P sin6=V[B,[a'+ W]+ (7 +¢ cosb) Ws..X.

It will appear, in the course of the following analysis, that

a solution of these equations in which ¢ is small is only

possible if 8: v is small. When this assumption is made VIL

and VIIL shew that C,C,P, are small. Making this assump-
tion, XI. and XII. take the forms

(P=B B=-B

2

‘Pa"‘l’P:=Rl='— (Psl— ‘P’Pr’)
{ 0|=- 0|,

cvc|0000u-XI.

C,+ 90+ C) +¢'C =gl =0...XIL
a;l + Onl + QP: =0
On adding X, and the corresponding equation for the front

frame, it is scen that ¥ is of the same order as :}58_. Neglecting
small quantitics of this order, it is possible to satisfy

P, == DP'=Tlgcosd,
P, == P/ =Ilgsinf.
VOL. XXX, TT
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IX.isnow €, -pllgconl = - Wy,
and the corresponding oquation is
G/ +p'Hgcosd =~ Wiye,
where %, &, & are the coordinates of @ relativo to 7, when the
axes are in divections B B, B,
XII.(3) is Ci+ C, + qIgsinf =0,
and the last three equations give
bN=cW+ W,
The remaining equations are VII, and VIIIL. with
P — R =¢llgsinf
P'+ R =-¢'Tgsinf
C+C/—qR=-¢C—¢'C/
C+C'=0 '

One method of eliminating R, is suggested by the fact
that, if moments be taken about 7'7" for the whole bicycle,
neither internal nor external mechanical reactions appear.
Accordingly we find the difference between the moment about
an axis B, through T and an axis B,’ through T’ of the internal
reactions. '

The difference is

(C,—acosf P)cosf~(C,+ul,)sinb
+ (0, —d’cos 8 P,) cos @~ (C,+ p'P/)sin 0
=cosf.[gR, - ¢C, - ¢'C,]
' ~ (1 8in 0 + a cos'6) (&, + ¢I1g sin 6)
+ (4 8in 6 + o’ cos’d) (R, + ¢'Ilg sin 6)
== [0,co80+ (4 - p cos’d) Ig]
+¢' [~ 0} cos 6+ (u' = p' cos'6) Iy]
=—¢ [~ Wgkcos0+(u/b) (k W+ W')g]
+¢'[— Wk cos 0+ (u'[B) (« W+ &' W) g]
e R L

=(¢"’¢') ]
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Substitute in this equation from VIL and VIIL, and write

I=(I",-T,)cosfsind + ", cos26, for the product of inertia
of the \mck-l"mnc, wheel, and rider about axes B3, 3, through T,

I, sind + T, cosb) § + ('mr+"l Vh)cos0Vg + (A —=Wh sin0) go.
+ the same expression with dashes
I+ I')7 4 (mr+ Wh+m's' + W) Vr,
+(We+ W'8)g=0 cevuuerns cesesves evesesresss XI1V.
The cocflicient of ¢g in XIV, is
~(Whsinf — A)

(0=bcos0) e W+ px' W
b

==Whsin0+
== (Wy— pll).

XIV. is true whatever be the value of C,, the couple
exerted by the rider on the handles. The next equation
depends on C,; it is found from VII. with :

P+ P/=(p—¢)gsinb.
1. . _ .
a (T\¢ + WrycosbVep — (Wy - puIl) sinbg¢ ]

+ 5—,[1‘;4)'4- 'y cos OV — (W'y' + w'T) sin Og¢']

+ [I‘, cosf—T', sin 0+ T, cos 6-'1",, sin 0] iy [mrsin 0+ Wy

# p p
m"’' sinB+T'V"y'] v (_PK_S_ W '8’) e = (1 _ _}) c
+ my T+ P + Py gsin & "w) O
..ll'.""'lliiixvl

1t will be convenient to re-write XIII, here:
#{i) —P'(i), + Vcose (fl) - (’Jl) = - 7bu'nnanIl'

The equations X1V, XV,, XIII, are sufficient to deter-
mine the motion as long ns ¢ and ¢’ are small,

'

3
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Steady motion with hands off.

11. When tho motion is steady, :p:ep =7=0; and, if the
machine trace a large circle of radius p, :

1_r
p V
XIIL. may now be written
' b
") - —P cogy "ttt ON-XVI.

XIV. when multiplied by sin 8 is
(mrsin@+ Wy +m'r' sin@+ W'y' — I1b cos 6) Vr
=gsin0.[(Wy—uIl)¢p +(W'y'+p'T) ¢'— (Wo+ W'¥)]... X VIL.
XV. reduces, since C, =0, to

»
[ny—nn
m

(mrsin 0+ Wy + m'r’ sinfl+ W'fy') Ve

=gsinf

‘W+u'll , (WS W'
bty (o

= (et )]...XVIII.

The only case of interest is that in which & = 0.
Eliminate 3, by subtracting X VIL. multiplied by 1 from
XVIIL, and dividing out by (2, - ) boosg £

1 -
“r A = ”F’I ’
[m'r' sin 0+ W'oy' + p'II] Vo = g sin0.(W'y' + ') ¢

A m'r’ sind
¢ =pgsnd" [ +p’II+W’ry’]""""'XIX'
From XVI, we have

|4 m'ry’ sin 0
¢=-p cosg t pg siné [ +y’l’1 + W'y
The result of eliminating ¢’ from XVII, and XVIIL is
sin0[(Wy = pll) g = W8] = = [mr sin 64 Wy - uIl],
P9
thereforo ‘

] OOICODXXQ

_ _ m's’ ___mr |4 ) .
W =( Ty pﬂ)[{ Py Wy-yn}ﬁ*p“—cos 0] XXL

Mr. Whipple, Stability of the motion of a bicycle. 325

Lot V=V, be tho solution of this equation when & = 0.

For steady motion, with hands off, at velocitics less than .V,
the c.@. is displaced from the mean plane of the frame
towards the centre of the circle described. [or velocitics
Ifrcatcr than V| the ¢. @. is displaced in the opposite dircction,
for V=V, § =0, whatever be the value of p.  This indicates,
that, for this particular velocity, the rider may sit sym-
metrically and describe a circle of any radius.  When the
motion is disturbed in such a way as to start him off on
another circle, he will continue in that other circle. In other
words, the stability of the stcady motion for disturbances of
this character is neutral.  See § 16.

‘Thoe motion in which the back-frame is vertical is given
by $=0,

m'r’ cos 8

_ by _
e T

For the machine whose dimensions are given in § 14,
XXII. gives e = % = 2'879.

The steady motion for velocities of this order is shewn to

............ XXIL

- be unstable in § 15,

This case is of interest, because it has been investigated
by Mr. G. T. McGaw,* and used by him to detcrmine the
most suitable value for u’ when V'is given. In his paper he
does not state clearly that the criterion he adopts is the
vertical position of the back-frame.. As a solution of XXII.
has been obtained, which denotes an unstable motion, the
disadvantage of adopting the criterion is obvious. Owing to
an unjustifiable application of the principle of virtual work,
Mr, McGaw’s result differs from XXI1L principally by the
omission of the term cot 6,

Small oscillations about steady motion,

12. Denote the values of ¢, ¢', and 7 for steady motion by
do 9y, and 7, respectively, and assume

¢ = ¢, + SKeM,
¢'=¢, + K’
-1 =7, + STeV,

* Engineer, Docember 0th, 1898,

. ) .



Substitute these values in X1V., XV., XIII, and pick out the terms in ¢ from each of these equations.
The result of eliminating &, K', T from the expressions thus obtained is

A=0 cerrenene I vevannens XXIII,
where
A={(I,sin 84T, cos6)2* [(Tsin 041" ,cos 6)A? [(T+I)r
+ (mr+ Whk)cos8VA + (m'r'+ W'A') cos 6 VA +(mr+ Whtm'r' + WH)V ]
—(Wy—pl)g), —(W'y'+u'Tg], '
1 1. W I cosf-T,,sind I cosf-I",sinf
;[r‘l).,-l- Wycosf VA l-‘-,[l“ A+ Wy cos8 VA [( 1 - 1 + = )7\
—snf(Wy—pil)gl,  —sinf(Wy+uT)gl, + (""'S"’ j’:’ W) , mr S‘“z,” W“’) V]

B\ + Veosh, —(#'N + Vcosb),

This is the equation by which the four values of A are determined.

" If the determinant in A =0 were developed, a quartic in A would be found. The coefficients are very
complicated in the general case, and the roots could not be found. Ia most cases the roots will not occur in
pairs, and in favourable cases the roots will all bave their real parts negative. The disturbed motion will
in those cases be rapidly dissipated. This is not inconsistent with the conservation of energy, for when the
kinetic energy of translation is increased by the addition of the energy of the oscillations, the increase
in ¥ is of the second order. Such changes of ¥V have been ignored in the above analysis.

0)oli2q v fo wonow ayy fo ppqog ‘qddigq qy 9z e

o

The coefficients of the higher powers of A in A cannot be reduced to simple forms. The coefficients of
9V’ ¢*, A Vg, AV are reduced here.
The coefficient of g V'*

P Wey+mr sin 0+ W 'y'+m's’ sin 6—115 cosd | ,
=|-(Wy-pm) , —(W9'+u0) , d

: v+ uT) . W sin@ W'y +m'r sin
,_(W"’f“msme, y+mrsnb Wy +m

- ﬁf_“.n sin@
I 0 I

“

cos 0, — cosé,

1

1 ' 1. T15 cosf
=-cosO.[(ny-pl'!) {(-— —;) (W'y' +m'r' sin6) + 11 cos0) + = }

12

os
—(W'y' + p'T1) {(l}; - ,14,) (Wey 4+ mr sin6) — nb:, OH )
= b:;s,’o J(Wy —pIl) m's sin - (W 'y @I mrsing] civieeriiiriineieninenienseiien XXIV
The coefficient of ¢* in A is
BeosOsing oy uI1) (W 4 B ) reeneeseneceesnssnnens XXV.

pie
Let J, be the moment of inertia of back-frame and rider about the axis B, through T.
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The coefficient of A Vg is found, on writing

3y

I cosf T, sinf =0 cosd+ Isinb, g

>
to be o
=

—cosf Wy-—pnl , WW+pn , I+ ;;

- . r ’ . g . e ’ ’ . $

Wy ”nsmﬁ, W'y -’,'“Hsmﬁ, J, co3f + Isin +J, cose-i:I sin @ %

<

1 , -1 , 0 g

. i ryr 1 r {

= sin 0| (mr +Wh) cos8, (m'r'+ W'k)cosb, (mr+ Wh+m'r'+ W'K) =

Wy — ull W'y + u'Tl s

H ! ) 0 3

# I ) 5 g

© —-p s

’ ) <,

= (Wy—pI), We'+pn, 0 . &

Wycos® W'y cos® mrsind+ Wy + m'r' sinf + W'y’ :-7.

B 4 K o
» ’ -5 )
>
i —«-‘-‘ F t el t *_—"l‘

The term in mr is found to vanish in this expression, which accordingly

beos'fsind (T J' 1 (Wh . WEY . Wy . Wyy] }
= (Wy— - — = (2 + %) cos’ -(— -2 9—( :+—
(W "m[ ! G+ -)"““{n =)t = ()

3 Py b /4 H
b -
) £ vt o [ beosfsind (] T 1 (WE WORY . Wy W ]
b +am P22 (R S ooty { = (20 Ry g (1T Wy
: ;§+( ki ’[ P (ﬂv+#)c°s +{# (# T -)sm (# i )}W
° b J T hy' Ry\ b
- 9 ’6 - [ ’ 4 _ i “a _17 ; 4 ; '. AN NV
i siné cos [{ I(W'o'+ ')+ 1 Wy pﬂ)}yﬂ,+(ﬂ+ﬂ>(le+Wﬁ)+WV (“ #)cose]x‘:vr

The coefficient of AV in A is
{mr+ Wh) cos, (m's'+W'k)cos, (mr+ Wh)+ (m'r'+ W'K)

] Wy cos 6, [V—,'Y cosfl, 2L sin 0+ Wy + m'r’ sin €'+ W'y' !
/ © K ©w N l
cosf, - cosf, 0 |
i = 5in 0 cos’0. [1%7' + 7%] [mr+ TWh+m's + W] cevreineiieniiaeanns XXVII.

- & 13. We proceed to the discussion of a particular bicycle. It is worth noticing that g, 1, 6, a can be found

1 by measurement of the machine. The position of the C.G. of the rider can be estimated with fair accuracy.

i The values of the moments of inertia 4,, &c. are not required to be very accurate, as they are not the most
important terms in T, &e.
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As a numorieal oxamplo, tho following values of the v o
quantitics involved aro takon. The unit of length is b, which o - - g2 3
WEQ be thought of as ono motre. Tho unit of mass is denoted 8 i) = B -
?%;mm.o.: E_@ nvoz:_ocm_: of as 1 kgm. The numbers in 2 = =] [~ 1” m.
¥t 8 rofer to the p3 i e Intro- *
duced. pages on which the symbols are intro ° W = H ..“nm g
: | NS + HE - e
tan0="-4 0=21°48' ' “ OVO m S m .m 3 w
. ) =21°48'  (314) B2 £ N
#=105b cos 0, p' =-05bcos0 (321), PR M uo. m o m .uO...w w g o
=] ~ s r”m
@ =85, =355 (314), 5 S % T T aE
s &, & > w L9
. Tu.w&, K =0, = Bos 8 dp 2
k=105, B o=e4b (322), - 2 oSS 2 2 & w4 8
8 & ¢ B & [ 88 <
e *Qﬂ.ag o0 o' =165 cos §, Fest g 8 » 2s 8
= y 318 — @ ~ o
B =95 cos0, g = 4bcosf (318), .m | V_ m 4 | m .mm -
W= 80w, W'=2w (318), 533 ¥ = © gE .” T
8 P o P o S
.mp+Nw"m=&.. h_~+w\".onSw. Aw—mv. ~ m M.T ..u_.. M o m mﬂa ..m m mﬂ
4, =5wb’ A =075wd’ ndp Sl g ©» » b L g T o«
3 y . wb’, % S B o or x 2F o)
A ' g » &5 | SR & e 8 -
=0 4,/ =0, & 29 S - PR B
mr = "5wb, m'y =-5wb  (321). ! s, = T £y o
. Glaes o N 8 _ 58 _ 2
From these values the following can be deduced : S %! W!.. + W R~ o M_ W 3 m 4 m
~ . o >
J, = 10wb’, J) =-01508"  (327), EREE- T S g% s g &
0
J, = 85wb', J, =395ub" £ 32~ A %a B o im
, ’ ’ S &8 > B e E2T[e
I =20wd’, I'=0 (323); - n.ﬂ — o S 2grle ]
. ) | @ + — ) q
I, sin0 + ﬁacomaﬂ.\.mmce+.~8ma"u»8%oom$ » _H ..w W ,,M m m... M,w .m 2
H ’ ¥ 2L o D=1
. I'ysin0 + I, cos 0 = *158wb" cos 0, _ 3 3, &, iy o e _Glm
. g 3 ~ WonlWy
I'yc080 — I, sin0 = J, cos 0 + Isin 6 = 18wé* cos 0, - g e ...uwa .w § o O
s - = <H 7 A=A
Ty c0s0 — T, sin = 07505 cos, ‘ - E @ &, 8 £5 8 s
‘ " [ . 5
T, = 99w}’ cos 0 sin 6, | S g = g B2 s B o
" G 2 e °
Q 0 © =]
I, = 845wd' cos 0 sin 0 4 um o) 89 8 5 e
! = 2| o ®a © & 2
= i ] 8 E- a8 B 2
Il = 20w (322) _ o 08 B u
" . . < 9 5 B fEZE 3
Yy = pIl=38lwbcosh, W'y +u'T=1'32ub cosf, ~ ! = z 2
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For e =¢, A =0 reduces to
£+ 4055 +2:068* + 2168 =0,
which has roots
— 365, 0, — 2 + 751,

There must be some value of e for which the real part of
the complex roots changes sign. This value must make
{40587+ (3'40 — 3-41¢)} a factor of A.

The two factors are

(6" 4+ 4058+ (289 — 3:76€) [£* + (1839 — 84¢) ]
if the absolute term agrees, 7.e. if
(2:89 — 3:76¢) (839 — "Sde) = 3:00¢" - 1'12¢,
068e’ — 4406 + 2425 =0,
The root lying between e, and € is
€, = "00d.
For € = ¢, the factors of A are
(&4 -115) (8" + 058 + +99),
and the roots of & =0 are
- 38, = 26, + 6L,

Tor values of € between ¢, and e, the roots have their real
parts negative. LThus for e = *4, the equation & =0 reduces

to
EO4 4°058° + 1898 + 2048+ 046 = 0,

and the roots of this equation are
— 3689, — "023, —17 + ‘7160
15. The natural period of oscillation of the machine is
comparable with the period of revolution of the pedals. It the
gear be 2f, the angular velocity of the cranks is —. The
ratio, period of oscillation: period of revolution of eranks
= V'f: imaginary part of A,
= 1:(f/b) x imaginary part of &.

uio is approximately unity, when the gear = 2/= 30.
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3to
2:06¢* + 2°16£ =0,

0, — 2 + 5L,

1e of € for which the real part of
s sign.  'This value must make
actor of A.

376€)] (7 + (1839 — '84¢) ]
te if

) 84¢) = 3:09¢" — 1'12¢,
i6e + 2425 =0.

e, and € is

= "505.

"A are

(¢ +4:05¢+99),

- 26, + 647,

1 ¢, and ¢, the roots have their real
= 4, the equation A =0 reduces

898"+ 2:04¢ + '046 = 0,

on are

023, =17 £ "T161.

1 of oscillation of the machine is

lof revolution of the peduls.r It the

velocity of the crapks is —. The
period of revolution of cranks

y part of A,

maginary part of &

rely unity, when the gear = 2/= 30,

1
i
i
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The forced oscillations due to the lateral motion of the
rider in pedalling have the same period as the revolution of
the pedals, but the oscillations do not tend to become ex-

cessive, as there is a large damping effect at velocities greater
than 7.

16. In the case under consideration the coefficient of ¢ is
negative, and it is owing to this fact that there is an upper
limit to the velocity consistent with stable steady motion.
The coefficient is small, and it is advisable to investigate
whether it is necessarily negative for all machines.

€, = — coefficient of e: coefficient of €* in XXVIII.
= — coeflicient of gV*: coefficient of ¢’ in XXIII.

m'r mr S -
~ cos [W'y i T m] by XXIV. and XXV.

This gives the same value of e, and thercfore of V; as was
obtained by writing § =0 in XXI.

The ve{;city V| was previously shewn, to be one, for which
the steady motion is neutral for some disturbances. This
investigation shews that for velocities greater than ¥, the
steady motion is unstable. By making the back wheel very
heavy e might be made negative, and then there would be
no superior limit to the velocity. = Practically it is sufficient
to make € small by increasing w'II. 1t is interesting to
notice that by leaning forward the rider increases », and
therefore II, so that the limiting velocity of steady motion is
increased when he adopts a stoop.

The instability introduced is not very great. Thus, in the
numerical example of § 13 the positive root tends when e is

Hto =212 ¢
sma =37 ¢

If a disturbance of the type corresponding to this root be
set up, the time in which ¢ is multiplied by e bears to the
period of revolution of the pedals the ratio

1 onf
X:—;=1:27r§‘f/6.

Thus when f=5 and ¢ ="1, so that the velocity is approxi-
mately 36 km./br, ¢ is multiplied by e after 20 revolutions of
the pedals. A tendency to fall of this character can be over-
come by a very small motion of the rider’s body relative to
the machine.
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where J, is the moment of inertin of back-frame and rider
about the axis in direction B, through 7'

In the caso of the typical machine

J, +J, =854wd’, Wh+ W'k = 80-8wl’,
cos’0sin 0

E ANV (J,+d,))=1"52¢ _“wi.q |||a.|e‘ Em_ .
Kp b ®

wZghcos0sinb  ppr s Wik =112 _“22 cosin0, w.@ .
B I

therefore

A+ A, =8690"Vb.[L*+ 4058 + (373 — 4:6e — T52¢) {°
+ (34 — 3'41e) £ — (1126 — 309" + T°1Z¢") ] = 0 ... X X X.

In the first place, this equation shews that, if Z exceed

%NN& XXX. has a positive root for every value of e.
Therefore, if the constraining couple exceed Zwbg, the motion
is unstable. This is what we should expect, for under such
circumstances the machine approximates to one with a locked
head, which certainly cannot be ridden.

For velocities below the limit ¥V, when Z=0, two of the
roots of XXX. are complex with their real part positive. If
it is posible by choice of Z to make the real part negative,
there must be a limiting value of Z for which the two roots
are purely imaginary. In that case [4'058" + (34 — 341€)] is
a factor of A+ 4, and {=4+914/(e,—¢)7¢ gives the corre-
sponding roots, if

.= 8:40/3+41 =997,

The two factors of A are

[¢"+84 (1 — )] [£" + 4058 + (289 - 876 + T'52¢)],

if the absolute term agrecs on comparison with XXX,

"This condition leads to

84 (1 — ¢) (289 — 370 +7°57¢) = 3:09¢" ~ 1'12e = T'12¢,
or (6:3e +8¢’) Z=— 243 + 4'4Te = "0T¢",

Denote the solution of this equation by Z,

" Z, is positive when e,> e> ¢,

Let Z, be the root of 7°1Z¢'=8:09¢' = 1'12e,
Z,< Nz when e = ¢, and it can be shewn that this inequality

holds for all values of e<e, For, if the inequality could be
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reversed for any valuo of e, there wounld be an intermediate
value of e, for which 4= Ze  That value would be given by
3'09¢" ~ 1'12¢ - 712 =0
3766 - 289~ 75Z =0 |
: e=35, 1

This valuo of e < ¢, and therefore for all values of ¢ < €
Z <z,

IFurther, when

e>e>e, 0<2Z <2,
e,>e>¢, Z,<0<2,
§>€>0, Z<2Z<o.

In each of these cases XXX. has roots with their real
parts negative, as long as Z lics between Z, and Z,

When €,> e> e, Z must be positive, and the constraining
couple tends to restore the handles to their mean position. To
obtain an idea of the magnitude of the couple write e = 8,

N— ='2, N- =145, N o

Let the distance between the handles be 2y. When the <
angle between the front- and back-frames s (¢ —¢) the
displacement of either handle relative to the back-frame has
& component (¢'— @)y in the direction H,. If the rider
exert the conple Z (¢ = ¢) bgw by means of equal and opposite
forces in the direction M, on the handles, the magnitude of
either force is w097 (¢'—¢).b/2y, therefore the ratio, force on
handles: displacement =Zwgb[2y’.  Taking ¥ =220 the
restraining force on the handle must be between 20 and 45
grammes weight for every centimetre the handle is displaced.

When ¢,>¢> ¢, N0 constraint is necessary to insure
stability, as was shewn in the investigation of §14, A small Als
couple increasing or decreasing the displacement of the handles 1
will not introduce instability,

When ¢,> ¢>0, Z must be negative, and the rider must
exert o couple tending to increase the angle between the two i
whoels, P!
Thus, when e =1, V=36 kilom. /br about, T

N_ﬂl.w.mu Z,==11,

With the same assumptions as before it appears that the
force on either handle must be abogt 2 kilogramme weight
for every centimetro the handles are displaced,

1
For small values of € Z,% - 7
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Neglecting m: 3, the terms in & and § on the left of XIV. and XV. are respectively
[~ 75+95] W and [= 48 + g5 sin )
g and [ 78+g8sm0]7,

If the rider sways his bod i i
. A ! L y automatically, the movement will probably depend
Bi:hth‘yhxch he is physically connected. In this case 8= 44 mayp be tak);n age?heorilg;?c:noietzliezzcg-:radme’
1s assumption the eliminant of XIV., XV., XIII becomes A + A’ =0, where e

A=WA| (- +g) , [(I)sinf+ I, cos6) \? ({+I)n
+ (M + Wkh') cos0V A + V(mr + Wh+m'r + W]
- (WTL+ W'y)g],
—79A*+ ¢ sin )

’ I—i_’ [Fx'}t’-l— W"II cos@ VA [(rl cosf — FIZ sin 6

#)olio1) » fo wonow oy fo fijqmg “’l‘l‘l"ljl T see

~ u
— (WII+ W'y')gsin 6], + D cos @ - I, sin 6) At (mrsin 0+ Wy
+ m'r'sin z'+ W’y') V’J
0 ’ — (A + Veosh) b
» ¥ e
= — — & . — e - e
. Y *

This expression cannot be simplified in the general case. In the case of the machine previously discussed
cos 8 sin ewb. Nb—g o, c158NB+13AV - 1:32g, 201d + 818V
# 1°6250M0 — g, 7-25M\b +16°8\ V—2117g, 48'94Ab+1578 V
0 y -(Cosne+V) b

A=-AW

=4 W°-‘3?‘Eﬁ wh . [7-8200*+ 32:3N% V42506 V= 34-1N'"g — 482\ Vg ~T69 V*+ 26440

—- 6002 Zi“ O FVB[L 4 4130°4 328 = 436l — 6:2ef~ 9Te + 3:4¢].

The leading terms in this expression are nearly the same as those in A.  Write

6004 sin@ _
S695— 6004 snd X'

59 b,,f 2’03:4 = w;V‘ [{Z*+4:058° + (373 — 4°62) ¥ + (3.40 — 3.41¢) § — (1'12¢ ~ 3:09¢")}
4y {088+ ("5 — *3e) £ + (34 + 2:8€) ¢ + (86¢ — -3¢")}... XXXIL

‘When the motion is stable, the absolute term in this expression must be positive. Therefore x > x,,
where (86— 36) x, = (112 = 8:09€) wevvuerennunns e )

The other limit to the value of y is that at which the real part of the complex roots changes sign.
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For that value A + A’ has factors
(87 + {84 (1 = €) + (84 + *9e) x}]
X [£" 4 418+ {(289 ~ 8:76¢) = (3 + ¢) xl],

and the valuo of is given by the condition that the absolute
terms in this oxpression and XXXII. agree.

("86e —3¢”) x — (1'12¢ — 3:09¢”)
=['84 (1 —e)+ ("84 + *69¢) x] [(2'89 — 376¢) — (-3 + ) x],
X' (109€" 4 1°05¢ + *25) + x (24€" + 10'4e - 2-2) '
+ (= 076"+ 4°47¢ — 2:43) = 0... XX XIV.

When e <g, the absolute term in this equation is negative
and in that case the equation has a positive root 1. 7

When e=¢, onc of the roots of XXXIV. vanishes and is
greater than x,.  As ¢ changes, the root y, remains greater
than x,, until the value of e is reached, for which =%, In
that case, the same value of y is given by the two elquat,ions

(8:6€ — *3¢") ¥ — (1'12€ — 3:09¢’) = 0,
and ("84€ + *69¢) x + (*84 — *84e) = 0.
The result of eliminating y from these two cquations is
2:23¢’+ 11'le — 97 = 0.

t Ell.m pgsitive root of this equation is 75=¢, To insure
stability of motion x must lie between y, and ..
Now, if X X

6g>e>e, 0>%>xy
6> €>¢, X, > 0>,
e>e>0, X, > X.>0;

When ¢,>e> o, ¥ is negative ; therefore 8/¢ is negative,

and the rider moves Tiis body in the same direction as he is
falling, ’

The value of y, when e=-6, is given by XXXIV,,
1'13)" + 5y + 28,
X, =—'046, A¢=38=—"0465¢siné,
For the same value of ¢, XXXIII, leads to
X, =='087, Ap=0=— ’0845:]_) siné,

J,:s -
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Now the displacement of the c.d. of the rider’s body due
to the swaying of the frame is /Z¢sin0.  Therefore the ratio
of tho rider’s movement relative to the machine to his lateral
movement with the machine is for this velocity (about
16 kilom./hr) between 046 and 08.L, '

When e,> e> e, tho rider need not move his body, but
a small movement is consistent with stability.

When ¢,>e> 0, the rider must move his body in the
opposite dircetion to that in which the framo is falling.

Thus, when e=-1, XXXIV. reads

46" — 1114y — 1'98 = 0.
The solution of this equation is
X, = 446 corresponding to &§="8Gb¢psinf; -
XXXIIL leads to
X, = ‘095 ’ ' 8 ="09b¢ sin 6.

This indicates that for the velocity given by e="1 [about
86 kilom./hr.] the rider can keep his balance by moving his
C.6. in such a way that ita displacement from the vertical plane
through the wheel base is one-tenth of what it would be if he
were fixed rigidly to the machine.

19. The foregoing investigation has shewn that there are four
critical velocities for a bicycle. For velocities greater than V)
the motion is unstable, but may be rendercd stable by a rider
who turns the front wheel towards the side on which he is
falling, or who moves his body away from that side. Tho
force he has to exert in the former operation is comparatively
great, whereas the distance he has to move his body in the
latter case is small,

For velocities betwen ¥V, and P, the motion is stable, even
when the rider does not move his body and makes no use of
the handles, For velocitiea less than V, the motion without
hands is unstable, but between ¥, and V; it is stablo for a rider
who moves his body through a very_smah distance in the same
direction as the fall is carrying him. This distance is about
1/20 of the distance hc is moved by the swaying of the machine,
For velocitics between ¥, and ¥, the motion is stable for a rider
who keeps the motion of the handles as small as possible,

TFor velocities below ¥V, a rider who combines the two
methods, and uses both his weight and his hands, may be
successful, The balance at such low velocities is not automatic,
but is a feat which requircs conscious attention,
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The values of ¥, and V. can bo found from tho linoar
equations obtained in §§ 16, 17, V, and V¥, arc found by solving
quadratic equations with very complicated cocllicients, -~ I'or
similar machines the values ‘of theso Vs vary as the square

root of the dimensions, Ior the machine discussed, the values
obtained by taking

9=98lm./sec’, b=11m
are

€="363, V, =545 m.[scc.=196 kin./hr, =122 miles/hr.,

€,="305, V,=462 m.[scc.=166 yw =104 ”
€="75, V,=379 m.[scc.=136 w = 85 ”
€="997, V,=329 m.[scc.=11'8 n =74

In practice it is found to be quite easy to ride with hands
off at all velocities above a limit, which s fairly definite for
cach machine. The case of balance does not increase when
the velocity increases beyond that limit.

The rider does not find it necessary to give his body
a continuous lateral movement. He occasionally finds that
the machine, as a whole, is gradually bearing to one side, and
that this motion is independent of the oscillations of the
handles. A small movement of his body is sufficient to restore
the normal position.

Comparison with theory suggests that V, is the one limiting
velocity, of which the existence is indicated by practice. At
velocities less than ¥, the oscillations of the front-frame about
the head tend to increase in amplitude. To overcome this
tendency by a motion of his body, the rider would be com-

elled to obey the elastic law of §18, In practice this wonld

e very difficult, It appears that V, is the most important of
the limiting velocities, Unfortunately the calculation of v,
for any given machine is by no means easy.

The fact that corners can be turned by a rider who does
not use his hands shews that the oscillations of the front-frame
about the head are rapidly damped, Whilst the bicycle is
describing the curve the handles are at a considerable distance
from the symmetrical position, When the rider resumes hig
erect posture the handle-bar poturns to the symmetrical
position and shews no tendency to oscillate violently about
that position. These observafions are in accordance with
theory, which shews that when the velocity exceeds V, the
logarithmic decrement for oscillations of this type is large,

- )
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Spinning Iriction, .

20. Spinning friction tends to prevent the _whccl tu‘rmudg
about the normal through the point of contact with the g;otu‘n' l
The simplest hypothesis is that the tyro posscsscl:;; " :,li‘l
rigidity, but that it is so far compressible that a sma ;.u‘e‘ .
is in contact with the ground. 'T'he angular velocity of every
element of A about 7’ is the same. The fl‘lc,tt().ll is limiting,
and therefore the couple about the normal at 7' is :

U=vNyw,

where v is the coefficient of friction, Ny is the normal reaction,
@ is the mean distance from 7' of the points of 4. Y

The magnitude of this couple is independent of tl‘xelvc O(,ll‘);
and spin of the wheel, and its sense is always opposed to t(lld
of the spin.  When the spin is liable to a change of sign ,le
motion ¢an not be investigated by the methods of this F'npcri_
The only case of interest -of which this is not true is t(jvdf_(())
the steady motion. Consider the steady motion with C,=0,
8=0. VIL, which is the equation of moments about an axis
in the direction 2, through 7 is

pP,+ Ucosl= Wyyep sinf — V (mrsin + Wy) 7.

With the corresponding equation this leads to the modified
form of XVIIL

’ .ot 7 v,./ sin(’)-l— IV”Y’ Tf‘l
(U+Z)c050+(fm1sm0+Wry+'_m1 )__

!

® ©
- W +p'Iv ,

(Wv nﬂ¢+ v ¢).
® p

R

—gsin6
The form of XVIL. is unaltered.
[mrsin 04Ty + 73'1'7" sind + 1T7y'= 10 cos 6] -?
=gsm0[(Wy=pl)¢+ (W'y' + p'Tl)¢']

Solve these oquations for ¢ and ¢’

Ay

- (—(-]+ g’) .’i‘.".‘+ (mr + TV'y-/.cﬂ)K—::g Bin @ (Wy= pIl) ¢,
oo /0 P

! ! Va . 7 ! ’
(g.;.g.)l‘“ (s + W'y 4 ') _p_:gsm(?(l v+,
1 .
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[/

and, since ¢’ — ¢ =—

pcosl’

( m'r mr ) 144 S ~

-2~ (2% (e * )
—-pcoso “ ll:’ gb ] "'y,+[-l«'l] I’V’Y"[An ’

This equation determines the amount by which the critical
velocity is reduced by spinning friction.

21. This theory is probably correet when the spin is com-
parable with the roll '@ of the wheel. When the spin is
small, the fact that the lateral rigidity of the tyre is finite is
of importance. This suggests the hypothesis that there is no
slipping, and that the so-called spinning friction is due entirely
to the lateral rigidity of the tyre.

Consider the elements of the tyre, which naturally lies on
a circle 8, drawn on the surface af a given distance from the
central line (fig. 4). Denote by 8 the position which one of
these elements would occupy if the tyre were not strained.
Let Bbe the position it actually occupies. Let M be the point
with which 8 coincides when nearest to T. 1 is the point of
contact with the ground of the circle S,

The tangents at 3 to the locus of M and to the circle 8
coincide. Let B, be the point of the tyre, lying on tho circle
8, which has just come into contact with the ground. The
tyre is not appreciably strained at B, ; thercefore B, lies on
the tangent at 1% The locus of B' s determined by the
condition :—The tangent from B to the locus of A7 is constant.
If the tyre be pertectly resilient, the elastic forco on the
element of the tyre at 2 is proportional to B8, When the

curvature of the path of A/ is uniform, the locus of B js 8yMe
metrical about the normal at 2, In that case the moment
about the vertical throngh T of the elastic forces vanishes,
- When the curvature of the locus of M varics, the couple is

approximately proportional to the variation of curvature in
the time during which an element of tyre is on the ground,

. T+ ¢pcosh
The curvature of the locus of 3 s ~— ond, on

the hypotliesia under consideration, the couple of spinning

friction is small and proportional to T8 fos() .

N St AT
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Tho valuo of this couplo is proportiotl‘ml t(t) ”tm l'lXLngl[l)I(:‘\;\:]c:

i i i ¥ rea of contact. § [y

of the lincar dimensions of the are v et g

that the coeflicient of clasticity is thcl;;z}lnﬂc,ttl:l(,ll(;;z llll]ll':(;]ll“l’({a’:

inning friction in the case of a well-inflate the
spinning friction in t o . od tyro than WA
city. of the machin grea

a flat one. When the veloc ( R

for ich prevents tho front wheel ans :

than V,, any force which preve , front wering
inclinati ' sk-frame is disadvantageous.

the inclination of the back-fr adv s

:'gllows that in practioe a well-inflated tyre is conducive t¢

stability.

Rolling Friction, de.

22. In obtaining the above results, rolling friction :u:id lvl\;:]nd
resistance, which are neccev.-mrllyf accortr;p:u'lllc& | l‘)ly lg(c)ﬁ::m E;l':
¥ ° 1C laters .
have been neglected. Apart from e ghotion iu
i X g ations of the typ
alling, which sets up transverse osci  of 4
%)x?glqcrtogéonsidered, the additional features of the system are

(1) A couple (— L,) applied to'the back wheel, and reacting

on the rider and frame. :
(2) A couple about an axis through 7'in the direction B,

(3) Additional forces acting if" the dire;:ltlu])‘r(l)t il.i’gzl:.c?,l.{
! T e ressure w
arts of the system. ‘I'he centres of pre ar v e
Sgilr:zide with) the €.G.’s of the several portions of the system

The value of (— L,) is easily obtained from th(;s cq:\lutmn:]]o;
‘ oti  tr tion is steady, the o
k. When the motion of transla : he only
:ﬁqéclz{t of the new circumstances on the transver s:ie .qstcllll(l}:;(tzlf%llw‘:
is due to the small alterations in C, and II, and is
; ligible, .
alm@:l::gthge vider does not pedal avcnlyl and corit(l?\;}m'\ls:ﬁ
(= L,) varics, and therefore V varies, )31'\ this gasi.ﬁable. g d
XV. ‘are true, but the assumption ¢ o ¥ is not justi '

PoXi ¢
V=V,+ 4sin K"t be taken as the approximato value of V,

illations of a string undey
X resembles that of the osclll.ntnons of as (
t‘,le-i!:{x(l)cl:ltc;::sion. Tn that case Meldo fouud.that if the tﬁnsg:gllxl
m} in a period half one of the natural periods the oscilla

i The bieye o pure natural periods,
becomes excessive, The bieycle has no § P

and therefore -the character of the oscillations will not be
much affected, oy
vOL' xxx'




S46  Mr. Whipple, Stability of the motion of a bicycle,

The motion of a tricycle.

23. The only typo of tricycle at presont constructed is
known as the eripper. In this machine tho back-frame is
supported by two cqual wheels symmetrically placed on
opposite sides of the mean planc.  The front-framo and wheel
arc of the samo pattern as those in the safety Dbieycle, and
the steering arrangements are also identical, Trig. 8 repre-
sents the tricyclo when the signification of the letters 7' and O
is modified. * 7' represents the point mid-way between the
points of contact of the back wheels. O is the point in which
.the common axle of the two back wheels cuts the mean plane,

The effect of the introduction of the two back wheels is to
keep the mean planc of the back-frame vertical. Therefore

=0.
¢ Let ¥V be the velocity of 7'0, 2w the width of the tricycle
between the centres of the back wheels. The velocity of the
centre of the right wheel is V - &7,

Therefore the spin about the axle is Vear .

a
" 'The force exerted by the ground on this wheel has a
component in the direction B,

- 1 d V-wr Bgm .
Tatd BT =

Similarly, the force on the other wheel is %?-i in the

opposite direction.
The moment about the vertical through 7' of the two

forces is
2B &' . .
[——3] r.o= K.
a

The equation of moments about the vertical through 7'
differs from the corresponding equations for the bicycle by
the introduction of this term.

This equation is obtained by multiplying VII. by cos#,
VIIL by sin6, and adding, noticing that :

I, cos' @ + I, sin 6 — 21", sin 6 cos f=J,

is the moment of incrtia of the back-frame wheels and rider
.about the vertical throngh 7.

K7 +C, c0s0+0,sin 6 +p cos § Py=m~J, 7 — Wi Vr .. XXXV,

T — e e RS
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i § i ; g Itored.
The equations of motion of tho_ﬁont wheel are unn
Multiply qthe cquations corresponding to VLI and VILL by

cos 0, sin 0 respectivoly, and add
0/ cos0+ C)sin0+p cos0P) = ¢' W'kgsin0-J'T - W' VT
— (I, cos0—T",sin0) ¢' = W'«' Vg  cos..... XXXV".
C + WP =Wgy'¢'sin0 - T, (¢ +7cos0)+ I',,Tsin0
 V[wrrsin0+ Wy (v 4 ¢ cos0)]...VIL.

The following equations also hold :

R=P=—(P/+¢'Igsinl) weeeenn XI.
CoCiteC-ah=0] . XII.
CI + 01' = 07
C/+p'Mcosl=— Wik ....... e IX.

Add XXXV. and XXXV, and reduce by IX.

bP/=(J+ K+J,)3+TbVr+ (T, cos0—T",sin0) ¢’
+ W'k V' cos0 = T1by sin 0¢'... XXX VL

' XX result i3
iminate P, from VIL' and XXXVI The resu
givfnlui:vll[::ne the dashes are dropped in front-frame symbols,

and a bar is placed over back-frame symbols, by

— 0,={T, c0s0- T, sin0+5 (J, + K+ 1)}
+ (wI1 + Wy +mrsin 0} Vr+ T+ % (I, cos0 ~ T, sin0)} ¢
+ (’L"Zﬂ) TPV cos0p — (uIT + TPy) g sin 0g,

XIII, takes the simplo form
h = V cos 0 + pop.
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therefore
-0 = [r‘, + 2—(':-‘ (T, cos0- T, sin0) + (g—‘) (J+ X+ J.)-[;I;
+ [(l‘I cos -1, 8in0) +§(.7,_+ X+0)

+ (w11 + Wy + mir sin 6) g + (zj e+ fy) W;} VeosOg

+ [(l’-n+”’7+mrsin 0) 4 2080

= (kI14+Wy) g sin 0] &,
where the letters without dashes refer to the front wheel.
The only eritical velocity for the tricycle is that for which

the cocfficient of ¢ above vanishes.
In that case '

For steady motion when V < VY, C, is positive,

V> V", C,is negative,

7.e. when V'< V" the rider has to
of a rotation decreasing the angl
wheels, when ¥> V' the couple

apply a couple in the sense
e between the plancs of the
applied is in the sense of

a rotation increasing that angle.

The effect of a disturbance of the steady motion when the
rider is not using the handles is dissipated when V> P,

N.B.—The velocity ¥’ was obtained in § 11, as that at
which there is a possible steady motion of the corresponding
bicyclo with hands off and back-frame vertical.: In that case
the motion was unstable. In this case V' is the limiting
velocity of stable steady motion,
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TUE RESIDUR WITIL RESPECT
TO p""o(l)\ll“ A BINOMIAL LIEORKM. COEFFICILENT
DIVISIBLE BY p".

By J. W. L. GLAISIER,

§i. N a paper in the presont volumo of the Quarterly
I Journal,* it was shown that if

n=1Ilp+4q,
r=gp+s,

and s being less than a prime p, then the binomial-theorem
goe(ﬁcient'(n) , t.e. the number of combinations of thdmgs
taken » together, is equal to (%), x & quantity = (q),, mod: ]2
if s<or =¢q. I proceed now to obtain the corresponding
result for the case when s> ¢.

i king case II.
2. Fro 3-5 of the preceding paper (taking
of §§5, p- ;5;; §N§0 sce that, if s> g, then (n), is divisible by p,
and we have :

k1 antit =——————qi——, mod p.
O === Y =5 g

Now, if m be any number < p,

' 1.23...(p—1)! :
(Z"m)'=(p—m+ 1)(p=m+2)e.(p-1)!

The numerator = -1, mod. p, and, m being <p, the
denominator

=(~1)""1.238...(m = 1), mod. p,
(— l)m

Tk mod, p;

Thus (p=-m)l=
and therefore, taking m =8+ ¢,

q! =(-. 1)”’ f(a—-q)!’ lnod-p,
sl(ptq-9!— st .

% 40n the residue of & binomial-theorem cocfaicnt with vespect to & primeo
modulua,” pp, 150—156,
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1 Fig. 4. : -
\ g _
will contain 7) _, and therefore 7} , where o is an arbitrary i e
mark in the G’F[2"] Further, R 20 transforms T1 into | B B g
| >3
By o x4y Ty o Hence, if n> 1, s0 that the GF[2"] contains ! T
a mark a neither zero nor unity, the group I contains a E
substitution R ,2,\(1+a) DOt the identity. . But M M, trans- f
forms R, . into N, With N ., I contains M, L, g
(i=1, 2), since it contalned their ‘products two at a timé. t
Transfor ming L, , and N, ; , by T, , we obtain Z; ,and N, . i '
1‘e.spect|vely. I‘Ience 1 contams every L%a and Ni,j, e '
Finally I contains . i
ey
ML ML ML =T . i VNS
1 ha i i,a i ha 1,a |
. {
The invariant subgroup I therefore coincides with F, which x A
is thus simple. -
The simple group I has the order 2" (2" —1) (2™ 1), | Fi
ig. 2.
which for n=2 and 3 is respectively ! ] Q
[ 8
2°.3%.5%.17 =979, 200, 2".3%7".5.13=1, 178, 836, 560. ;
ERRATA IN THE PAPER, pp. 1-16. I z
i 4 o'
p. 6, 1. 19, for Q. 3, v, read Qg 3, as - Q
p. 14, L 1, omit —1 after o,". ' al
p. 16, 1. 3 of Errata, for ¢, read ¥’ : - N\
j \ 3 ¢
University of California, T k , P
January 6, 1899. i
I = 3
[
|
‘ . Fig. 3.
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